We now give an isomorphism theorem in a more general setting than simply presented p-groups. The p-local Warfield groups are groups that may be mixed, and which are characterized as summands of simply presented modules over the ring of p-adic rational numbers. A reference for p-local Warfield groups is [7] .
Theorem 3 (ISOMORPHISM)
. If G is a p-local Warfield group and H is a group such that FG = FH, then G = H.
COROLLARY. If G is a simply presented abelian p-group and H is a group such that FG S FH, then G^H.
We remark that it was shown in [1] that this theorem holds if H is also assumed to be a p-local Warfield group.
Two questions which these results raise are the following. Does the direct factor theorem hold for p-local Warfield groups G? This could easily be proved provided V (G) is a Warfield group if G is one; however, this is probably not true. To state the second question, let tG denote the torsion subgroup of an abelian group G. If tG is a simply presented p-group, and if FG = FH, then is tG = tHI Finally, we wish to point out the importance of the isomorphism problem for groups with only p-torsion over characteristic p fields. It is shown by Ullery in [14] that resolution of this problem is central to that for abelian group algebras over arbitrary coefficient rings. Unfortunately, the likelihood of settling these matters in full generality seems quite remote.
The author is grateful to the referee for several corrections and clarifications. preimage of a unit is a unit. The rest of (1) now follows easily. Clearly, (1) implies (2) since K(G) = V(G). In the situation of (3), (1) implies that K(tG) is a p-group, thus Lemma 1 proves (3). We remark on a representation for elements of K(N) that we will use later. Under the assumption of (1) above, suppose that {gi : i < u} is a family of coset representatives of TV in G for some ordinal v. Then the elements of K(N) are precisely the sums 1 + ^2i<v, giOn, q¿ E I(N) with almost all a¿ = 0. Moreover, the ai in this representation are unique.
Next we wish to discuss p-heights for abelian groups and commutative rings of characteristic p. We shall refer to these as heights since p is fixed. If S is either a group or ring as above, define Sa for every ordinal a in the usual manner: S° = S; Sa+1 = (S")p; and S° = Ç\T<a ST if a is a limit ordinal. If a is the first ordinal such that Sa = Sa+1, we call a the p-length of S and define S°° to be 5CT. Then S°° is the maximal p-divisible subgroup or subring of S. If s E S, we define the height h(s) to be oo if s E S°°, and the smallest ordinal a such that s £ Sa+1 otherwise. Note that Fa = F for every a since F is perfect. Since Ç%2 aigi)p = J2 a%9ii ft *s easüy shown that (FGY = FGa and V(G)a = V(G)nFG'7. Thus &(£<*<&) = min{h(gi)}, and the notions of height in G, V(G) and FG agree whenever a comparison can be made.
LEMMA 3. Let A be a subgroup of G. The following are equivalent:
PROOF. The equivalence of (1) and (2) follow from the remark above on heights in G and V(G). To show that (1) and (3) For the converse, let g E G. Since K(N) is nice in V(G), we may choose a E K(N) such that h(ga) = h(gN). By examining the representation of a given after Lemma 2, the support of a must contain an element n E N. But h(gn) > h(ga) = h(gN), thus h(gn) = h(gN) and N is nice in G.
(2) By Lemma 3, G is isotype in V(G). Therefore it suffices to show that G is nice in V(G). Let a E V(G) and consider Ga. Altering a by a factor from G, we may assume that e lies in the support of a. Suppose that g EG with h(g) = h(a).
Then clearly h(ga) < h(g) = h(a), thus G is nice in V(G). 3 . Simply presented G. Let A < B < G. By a smooth chain from A to B we mean a family of subgroups {N0 : a < A} for some ordinal A, such that No = A, N\ = B, NT C Na if r < a, and Na = UT<o-NT if cr is a limit ordinal. If, in addition, (Nc+i : Na) = p for every a < A, we say we have a composition series from A to B. We call it a nice composition series if every Na is nice in G. Then G is simply presented if there exists a nice composition series from 1 to G. + ^, where 6 E £2<t, giMk+l. Consequently ß~lß' = (l-~i + 6)(l + gaa0) = 1 -7 + gaaa + 6', where a' E Ysi<v9iMk+1-The 9a term of 1 -7 is -gaa<r, hence ß~lß' E Nkt(T Ç N. Therefore /?' € N. Moreover, aß' = 1 + gaaa, thus h(aß') = h(gaaa) > h(aß). Now we note that aa depends on ß by writing it as ao-(ß). Thus we see that sup{h(aß) : ß E N} = sup{h(gcraa(ß))
: ß E N}. But gaaa(ß) has support in gaS, which is a finite set. Hence the supremum is achieved.
For S finite as above, F S is noetherian and hence M is nilpotent, say Mr+1 = 0. Then Nr,o -1 and {Nk^: 1 < fc < r, a < u) is a smooth chain from 1 to K(S). We may interpolate additional subgroups to obtain a composition series from 1 to K(S). By the lemma, each subgroup is nice in the next, where heights are computed in V(G). Under these circumstances, the relation "is nice in" is transitive, hence it follows that each subgroup is nice in V(G) since K(S) is nice by Lemma 4. Thus we have the COROLLARY. Let S < G, S a finite p-group. Then there is a nice composition series from 1 to K(S) in V(G). PROPOSITION 6 . If G is a simply presented p-group, then V(G) is a simply presented p-group. PROOF. Let {Na : a < A} be a nice composition series for G. By Lemma 4, {K(No-): a < A} is a chain of nice subgroups of V(G) from 1 to V(G). Since an element of V(G) has finite support, it is clear that it is a smooth chain. By Lemma 2, V(G)/K(Na) = V(G/Na), and clearly K{Na+i)/K{Na) = K(Na+i/N(T). By the corollary above, there is a nice composition series from 1 to K(Na+i/N(T), hence there is one from K(Na) to K(Na+i).
We thus obtain a nice composition series from 1 to V(G), as desired.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use PROOF. Let g E G. Then there exists a E N such that h(ga) is maximum in gN. Choose gi in the support of a such that h(ga) = h(ggi). Then gi E N C\G, and if g2 E NC\G, we have h(gg2) < h(ga) = h(ggi). Therefore TVnG is nice in G.
Recall that a p-group is simply presented if and only if it has a nice system T. That is, T is a set of nice subgroups that contains the trivial subgroup, arbitrary products of members of T, and if N E F and X is a countable subset of the group, then there exists N' E T such that TV' D N U X and (A/' : N) < N0. Theorem 1 follows immediately from Propositions 6 and 9. Thus, when G is simply presented one may describe the structure of V(G) by calculating its Ulm invariants. This has been done for F a field by Mollov [12] . We now briefly describe these results when F is a perfect field of characteristic p. Let f(a) denote the crth Ulm invariant of V(G) and let A denote the p-length of G.
(1) If G°° = 1, then f(oo) = 0; if G°° / 1, then f(oo) = \F\ \G°°\. Theorem 2 will follow from Theorem 1 by applying a simple lemma and trick used in [10] . The lemma [10, Lemma 2] asserts that G is a direct factor of V(G) if G is isomorphic to a direct factor of V(G') for some group G'. Take G' = LL<W G. Then every nonzero Ulm invariant of G is multiplied by N0, and Lemma 3 implies that the Ulm invariants of G' do not exceed those of V(G'). Consequently, G x V(G') and V(G') have the same Ulm invariants and are simply presented by Theorem 1. The lemma referred to now finishes the proof of Theorem 2.
The proof of Theorem 3 will require more work. We shall assume that G is a p-local Warfield group and that H is a group with FG = FH. It is well known that such an isomorphism may be assumed to preserve augmentation. We therefore write FG = F H and think of Ü as a subgroup of V =V(G) = V(H) that is a linear basis for FG. A number of conclusions about H now follow from Lemmas 1 and 2. Since tG is a p-group, we see that tH is a p-group. Now let q ^ p be a prime. Since G is g-divisible, the same follows for V. But H/tH = V/K(tH), thus H/tH is ç-divisible, and hence so is H. Therefore H is a p-local group which we proceed to show is a Warfield group.
Let X' be a nice decomposition basis of G (see [7] ). Since V/H is torsion by Lemma 2, there exists a subordinate basis X contained in H. But subordinates of nice decomposition bases remain nice decomposition bases. By Lemma 4, since G and H are isotype in V with torsion quotients, we conclude that A" is a nice decomposition basis of H as well as G. Therefore G and H have the same Warfield invariants, and, as remarked in the introduction, they are known to have the same Ulm invariants. Thus we will be done if we finish showing that H is a Warfield
group. Let B = (X). Then F(G/B) = FG/FGI(B) = FH/FHI(B) = F(H/B).
But G a Warfield group implies that G/B is a simply presented p-group. Theorem 1 implies H/B is simply presented, therefore H is a Warfield group.
